We study the couplings of discrete states that appear in the string theory embedded in two dimensions, and show that they are given by the structure constants of the group of area preserving diffeomorphisms. We propose an effective action for these states, which is itself invariant under this infinite-dimensional group.
is the symmetry group of the ideal incompressible fluid, which is perhaps related to the string field theory in our case.
To set the stage, let us remind how the discrete states appear in the theory. The c = 1 model is described by the two-dimensional critical string with coordinates X µ = (φ, X) and a linear dilaton background.
where b µ = (2/ √ α ′ , 0), and the last term involving the boundary curvature κ is needed for the proper description of open strings. Because of the background charge for the Liouville field, the SL(2, C) invariance is maintained in the shifted KobaNielsen amplitudes, which are proportional to the volume of the Liouville zero mode [5, 10] . In the discussion of closed strings we will set α ′ = 4 while for open strings we will choose α ′ = 1. The physical states are those that satisfy the Virasoro conditions modulo gauge transformations. The simplest non-trivial example is provided by the level one (vector) operator of the open string dse µ (p, ǫ)∂X µ e ipX e ǫφ . The ‡ Analyses of states involving ghost excitations have appeared in ref. [6] [7] [8] [9] . In this letter we consider only the discrete states with no ghost excitations.
conditions that this operator is physical can be seen to be (f µ + b µ )e µ (f ) = 0
Here f = (ǫ, p) is the two-dimensional momentum, with ǫ being the Liouville energy. The scalar products look like the usual Lorentzian ones, f µ e µ = f 1 e 1 −f 0 e 0 .
For generic p there are no solutions of eq. (2). However, it is obvious that for f µ = 0 and for f µ = −b µ there is a jump in the number of degrees of freedom.
We thus find solutions with p = 0 and ǫ = 0 or ǫ = −2. Simple analysis shows that at these values one can chose the "material gauge" b µ e µ = 0 or e 0 = 0. Thus, these vertex operators do not depend on the oscillators of φ. In fact, this property persists at all the mass levels. It can be shown that for c = 1 there exists a non-singular gauge such that the oscillators of the Liouville field are not excited.
Therefore, all one should do in order to find the discrete states is look for the Virasoro primary fields in the Fock space of the X-field. Fortunately, the problem of finding all such states has been solved long ago [11] . Here we will summarize the results.
At a generic momentum p the only Virasoro primary field is e ipX (z). However, if p is an integer or half-integer, then the set of primary fields is bigger. At these values of the momentum the primary fields form SU(2) multiplets
where J = 0, 1 2 , 1, . . ., and m = (−J, −J +1, . . . , J). We have introduced the SU(2) generators
: e ±iX(u+z) :
The connection with SU(2) becomes apparent once we note that the fields (3) are the full set of primary fields in the compact c = 1 theory with the self-dual radius R = 2, where the existence of the SU(2) current algebra is well known. In the noncompact theory the operators (3) form a subalgebra. After performing the contour integrals in eq. (3), ψ J,m become polynomials in derivatives of X. Their dimension is ∆ J = J 2 . Upon gravitational dressing, we obtain operators of dimension 1,
Here we have constructed the holomorphic part which is identical in form to the open string vertex operators. For closed string theory it must be multiplied by the antiholomorphic part.
The states (3) are precisely those responsible for the "leg poles" at the discrete values of momenta found in the tachyon Koba-Nielsen amplitudes [5, 10] . Our aim here is to determine their self-interaction or, equivalently, the leading non-linear piece of the β-function. It was realized in "prehistoric times" that the β-function is determined by the structure constants in the operator product expansion [12] .
So, in order to determine the quadratic piece of the β-function, one has to find the structure constants in
and similarly for other signs of the Liouville dressing. F determines the open string cubic couplings. It is also clear that F is the structure constant in the algebra of
J,m . First we need to determine which J 3 and m 3 contribute to the sum in eq. (6). It is clear that all operators on the right-hand side depend on the zero modes through e i(m1+m2)X+(J1+J2−2)φ . The only physical operator with this property is, up to gauge transformations, Ψ (+) J1+J2−1,m1+m2 . Thus, the sum consists of a single term with
Furthermore, the SU(2) invariance requires the structure constants F to be of the form
where C are the Clebsch-Gordan coefficients and g(J 1 , J 2 ) is an unknown func-tion. In other words, the m-dependence within each SU(2) multiplet is completely determined by the Clebsch-Gordan coefficients. This can be shown directly by applying the SU(2) generators H ± to both sides of eq. (6). For
The final step is to determine the function g(J 1 , J 2 ). For this purpose we consider the special values of m 1 and m 2 such that a direct calculation of the operator product is accessible. Namely, take m 2 = J 2 and m 1 = J 1 − 1 so that
From the representation (3) we get
: e −iX(z+u) : : e iJ1X(z) : : e iJ2X(0) : :
Performing the integral, we find
Comparing this with eqs. (7) and (8), we obtain
. Now, changing the normalization of the special operators according to
we arrive at the following vertex operator algebra,
We can analyze the operator products involving Ψ (−)
J,m in complete analogy with the derivation above. We find
where we have redefined the normalization according to
If we define the charges
then the vertex operator algebra (15) , (16) implies that the non-zero commutators are given by
and
Eq. (19) is the algebra of area-preserving diffeomorphisms of a plane [9] . If we truncate to integer J, then we find the "wedge" sub-algebra of the well-known w ∞ algebra [13] .
This algebra gets naturally deformed as we turn on the cosmological constant 
We have not calculated the extra structure constants a n (J 1 , m 1 ; J 2 , m 2 ). Because of SU(2) covariance properties, we may conjecture that the integer J sub-algebra of (21) is isomorphic to T (µ), the enveloping algebra of SU (2), for some value of µ.
The "wedge" subalgebra of W ∞ is a special case of T (µ) with µ = 0 [14] . Another interesting case is T (∞), which is the algebra of area preserving diffeomorphisms (or canonical transformations) of a two-sphere S 2 [14, 15] . If we describe points on a sphere by three-vectors n of unit length, then the transformation law is
with W ( n) being an arbitrary homogeneous polynomial in n a . It is not hard to check that
This Poisson bracket induces SU(2) algebra with the generators
The operators Y l,m , which transform as higher spins under this SU (2) 
where M(l, m) are normalization factors. The construction sketched above can be used to show that the algebra of area preserving diffeomorphisms of S 2 is the classical (µ → ∞) limit of T (µ) [15] .
The fusion rules (15), (16) 
where f ABC are the group structure constants.
The basic question of string theory concerns the effective action for all the string modes. Usually, the β-functions can be obtained as variations of an effective action. In this case, it is not hard to see that the β-functions for the discrete states can be expressed as
where the effective action is given by
One can check that S 3 correctly generates all the three-point couplings of the discrete states. We have not yet calculated the quartic and higher terms in the effective action. In the next section, however, we will speculate on the correct non-polynomial form.
To display the symmetries of the cubic term S 3 , it is convenient to assemble all the coupling constants into a field †
where T A are the group generator matrices. As we see, this field naturally depends on 3 coordinates. Using eq. (25), we can write the cubic action (28) for λ = 0
⋆ If the X-coordinate is taken to be non-compact, then we also need the conventional "tachyon" field T (φ, X). In this paper we will not consider interactions of tachyons with the discrete states. † Here we restrict our discussion to states with integer spin J. This is the full set of states in the compactified model with radius R = 1.
simply as
where x i are coordinates on S 2 , and the Tr refers to the internal symmetry group.
Obviously, S 3 is invariant under the group of area-preserving diffeomorphisms (22).
For the case of non-compact string, we have to combine this 2+1 dimensional theory with a 1+1 dimensional theory of tachyons. Thus, if Liouville coordinate is thought of as time, the space is a direct sum of a two-sphere and a real line. There is a precedent to this situation: in the sine-Gordon model the base space is a direct sum of a real line and a two-dimensional surface (a torus).
A natural extension of (30) beyond the cubic order would be the WZNW term
Tr
where Ω = e Φ , and B 3 is the three-dimensional ball whose boundary is S 2 . We
have not yet been able to confirm this effective lagrangian by direct calculations.
There should also be a natural extension of the action (30) to the case λ = 0.
Even if correct, the expression (31) is written in a particular "material" gauge where all the vertex operators do not depend on the derivatives of the Liouville field. Perhaps, the gauge-invariant formulation will involve the Chern-Simons field A(φ, n), thus defining an open string field theory. Now, we briefly discuss the case of closed string. At the self-dual point we double Ψ J,m in a standard way, defining the vertex operators
The couplings of these states are simply the products of the couplings of Ψ J,m and ofΨ J,m ′ . In other words, the β-functions of the theory are given by
and similarly for β (−) . In order to write the effective action in a compact form, it is natural to introduce not S 2 , but S 3 , so that the couplings are paired with the functions D J,m,m ′ (G) on the SU(2) group manifold. Thus, for closed strings we introduce a field
where n(J, m, m ′ ) is the appropriate normalization factor. Owing to the identity 
This expression is invariant under volume preserving diffeomorphisms of S 3 . Perhaps, in the general gauge this corresponds to some 3+1 dimensional topological field theory. However, we are somewhat skeptical towards this (and all other) traditional approaches to closed string field theory. The reason is that it may happen that even the dimensionality of the base space is background dependent and is a dynamical variable, requiring a completely new approach. We hope that the simple open string model considered above will suggest the right direction.
Now, a few "historical" remarks are in order. The appearance of the w ∞ symmetry in the matrix models has been noted by a number of authors [16] . In the continuous context it has recently been found in ref. [9] . We must say that, although we contemplated the relations (6), (7) for a long time, we finished the calculation only after E. Witten had informed us of his results. We decided to publish this note because our methods are quite different from his and, in our opinion, have their own merits.
